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Abstract 

We analyze the regularity of the optimal exercise boundary for the American Put option 
when the underlying asset pays a discrete dividend at a known time td during the lifetime of 
the option. The ex-dividend asset price process is assumed to follow Black-Scholes dynamics 
and the dividend amount is a deterministic function of the ex-dividend asset price just 
^-M before the dividend date. The solution to the associated optimal stopping problem can be 

q-( characterised in terms of an optimal exercise boundary which, in contrast to the case when 

there are no dividends, may no longer be monotone. In this paper we prove that when the 
dividend function is positive and concave, then the boundary is non-increasing in a left-hand 
neighbourhood of td, and tends to as time tends to t^ with a speed that we can characterize. 
(~«^ ' When the dividend function is linear in a neighbourhood of zero, then we show continuity 

of the exercise boundary and a high contact principle in the left-hand neighbourhood of 
td- When it is globally linear, then right-continuity of the boundary and the high contact 
principle are proved to hold globally. Finally, we show how all the previous results can be 
extended to multiple dividend payment dates in that case. 
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Introduction 

We consider the American Put option with strike K > and maturity T > on an underlying 
stock. We assume that the stochastic dynamics of the ex-dividend price process of this stock can 
be modelled by the Black-Scholes model and that at the I € N given times t d < t^ -1 < ... < t d in 
the time interval (0, T), discrete stock dividends are paid. The case without dividends is denoted 
by I = and we will use the convention that t d +1 = and t d = T throughout the paper. The 
value of the dividend payments are functions D 3 : M + — > M + (1 < j < I) of the ex-dividend asset 
price. This means that the stock price process satisfies 

I 

dS u = aS u dW u + rS u du - D\S u ^dl {u ^ } (0.1) 
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for an initial price So, interest rate r and volatility a which are assumed to be positive and with 
W a standard Brownian Motion. 

Throughout the paper we assume that the dividend functions D 3 are non-negative and non- 
decreasing for all 1 < j < I and such that x G 1R+ i— > x — D 3 {x) is non-negative and non- 
decreasing. We will pay particular attention to the following special cases : 

• D 3 {x) = (1 — pj)x where pj G (0, 1), which we will call the proportional dividend case, 

• D 3 {x) = D 3 f\x with D 3 > 0, which we will call the constant dividend case, and 

• D 3 {x) = min{aj +bjX, Cjx} with dj, bj, Cj > and c,- < 1, which we call the mixed dividend 
case. 

We will see that the behaviour of D 3 around zero determines the behaviour of the exercise 
boundary at the dividend dates t J d so the latter case will turn out to be very similar to the one 
where we have proportional dividends. 

For t G [0,T], let 

U t = ess. sup Efe-^-^iT - S T ) + \T t ] (0.2) 

T ^T[t,T] 

denote the price at time t of the American Put option, where 77^] is the set of stopping times 

with respect to the filtration J~t = f a(W s ,0 < s < t) taking values in [t, T]. The solution to 
this optimal stopping problem for the case without dividends (i.e. 1 = 0) goes back to the work 
of McKean |16j and Van Moerbeke |21j. The optimal stopping time is the first time that the 
asset price process falls below a time-dependent value (the so-called exercise boundary which 
we will denote by c°), and McKean derived a free-boundary problem involving both the pricing 
function u° such that Ut = u°(t,St) and c°. Van Moerbeke derived an integral equation which 
involves both c° and its derivative, but in later work by Kim [14) . Jacka [12] and Carr, Jarrow 
and Myneni [3] an integral equation was derived which only involves c° itself. The regularity and 
uniqueness of solutions to this equation was left as an open problem in those papers. Uniqueness 
was proven by Peskir [19] , using his change-of- variable formula with local time on curves |18) . 
It is known that the optimal exercise boundary is convex [5] [6] and its asymptotic behaviour at 
maturity is given in [15]. But although it was claimed in several papers (for example [17) ) that it 
is C 1 at all points prior to maturity, a complete proof has been given only recently by Chen and 
Chadam [4]. In fact, in that paper it was actually shown that it is C°° in all those points and a 
later paper by Bayraktar and Xing [2j shows that this remains true if the underlying asset pays 
continuous dividends at a fixed rate. In practice, continuous dividends are not a satisfying model 
since dividends are paid once a year or quarterly. That is why we are interested in dividends 
that are paid at a number of discrete points in time. To begin with, we deal in this paper with 
the simplest situation where there is only one dividend time t\ before the maturity T of the Put 
optiod_j. Afterwards we show how some results can be extended to the case of multiple dividends. 

When we assume discrete dividend payments such as the proportional or fixed dividend payments 
mentioned above, the optimal exercise boundary will become discontinuous at the dividend dates 
and before the dividend dates it may not be monotone (see Figure [T]) . Integral formulas for the 
exercise boundary which are similar to the ones in [3] have been derived under the assumption 
that the boundary is Lipschitz continuous (see Gottsche and Vcllckoop [10J) or locally monotonic 
(Vellekoop &: Nieuwenhuis [23]). In this paper we therefore study conditions under which such 

1 When there is only one dividend date, i.e. 7 = 1, we will often suppress the value i = 1 in our notation, so 
we will write td instead of t d , D for T) 1 and so on. 
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regularity properties of the optimal exercise boundary under discrete dividend payments can be 
proven. 

In the first Section, we introduce the pricing functions u' 1 : [0, T] x M + of the American Put option 
in the model (IQ.lj) for < i < I and the associated exercise boundaries c l where the i means for 
i > 1 that only at the times t l d , t % -T , t d dividends are being paid while i = means that no 
dividends are being paid. We then explain that for I > i > 1, on the time-interval \t d +1 ,t d ), the 
American Put price u 1 is equal to the price of an American option in the Black-Scholes model 
with no dividends if we take its maturity t\ and its payoff x i— > (K — x) + when exercised early 
and a modified payoff x i— > u % ~ l {t l d , x — D l (x)) when exercised at the maturity time t l d . Studying 
the properties of the single dividend case will then allow us to derive properties of the sequence 
of functions u l and c l in a recursive manner. 

In the second Section, we therefore first look at the single dividend case only and prove that when 
the dividend function is positive and concave, then the boundary is non-increasing in a left-hand 
neighbourhood of td, and tends to as time tends to £7 with a speed that we can characterize. In 
the third Section we assume moreover that the dividend function is linear in a neighbourhood of 
0, a condition satisfied in the proportional, the constant and the mixed dividend cases. Then we 
show that the exercise boundary is continuous and a high contact principle holds in a left-hand 
neighbourhood of t^. In the proportional dividend case, right-continuity of the boundary and 
the high contact principle are proved to hold globally. Finally, we show how results for a single 
dividend date can be extended to multiple dividend dates in that case. 

Notations and definitions : 

2 

• For t G [0,T] and x > 0, we use the notation Sf = xe <rWt+ ^ r ~^'' t for the stock price at 
time t when the initial price is equal to x and when there is no dividend (i.e. 1 = 0). We 
also denote by L\{S X ) the local time at level y > and time t of the process S x and by 
p(t, y) = exp ( _ ( l °s(y/ x )-(r-^)t) 2 \ the density of gx with respect to the Lebesgue 

measure when t, x > 0. 

• Let A denote the infinitesimal generator of the Black-Scholes model without dividends : 
Af(x) = ^f"(x) + rxf{x) - rf{x). 

• If (t, x) G [0, T] x M + and 1 < i < I we write Su ' l for the solution to 

i 

dS x ^ = aS^dWv + rS x ^dv - ]T & (S^dl^ (0.3) 

i=i 

for u >t under the initial condition that S"^'*' 4 = x. Note that we still retain the notation 



introduced in fjO. 1|) so S u = Su ' 0,1 ■ 

Let N(y) = f y e - z2 / 2 _^ ]-, e cumulative distribution function of the standard normal 
law. 

Let C denote a constant with may change from line to line. 
We say that D : M + — > M + is positive when Vx > 0, D(x) > 0. 

By a left-hand neighbourhood of x G M, we mean an open interval (x — e, x) for some e > 0. 

We will often denote the value function u° for the case without dividends by u and the 
value function u 1 for the case of one dividend by u. 
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1 Preliminary results 



The following results, which have been proven in (7J EJ HU [20j , provide an optimal stopping time 
in ([02]) . 

Proposition 1.1 Let {Gt, t G [0, T]} be an (J-t)-adapted right- continuous upper- semicontinuous 
process with E(sup tg [ ,T] 1^*1) < 00 • 

Then the cddldg version of the Snell envelope Ut = ess. sup Tg -^ t T) E(G r | J~t) is continuous on 
[0, T] and the stopping time r = inf{s >t:U s = G s } is optimal : Ut = E(G T | J-j). 

The conditions for this result are satisfied by G\ = e- r \K-S^' l ) + since for all t £ [0, T] we have 
\G\\ < K and G\ is right-continuous and upper semicontinuous for all t G [0, T] since the jump 
sizes of sf 0,0 ' 1 at t = t^ d are non-positive for all 1 < j < i (for a Call option G\ = e _ri (5f ' '*— K) + 
is no longer upper-semicontinuous and, in the single dividend case, Battauz and Pratelli [T] 
artificially stretch the time-interval [0, T] by introducing a ficticious interval [i^,^] where t\ 
denotes the end of the cum-dividend date and t^ the beginning of the ex-dividend date to reduce 
the evaluation problem to the computation of the Snell envelope on stopping times taking values 
in [0,i^] U [i^,T]). According to |8j, there thus exists pricing functions u % defined as follows: 

Proposition 1.2 Take 1 < i < / and a constant So > 0. The Snell envelop U l of {G\ = 
e~ rt (K - 5f°' 0,i ) + , t G [0, T]} is such that Jj\ = e- rt u(t, S? ' '*) where 

V(t,x) e [0,T] x R+, u%x) = sup E(e" r(r -' ) (K - 5^' M )+). 

Moreover the previous supremum is attained for r = inf{s > t : u*(s, 5^'*'*) = (K — S$ ' <,J ) + }. 

Let us now derive some properties of the pricing functions u l and define the exercise boundaries 
c\ 

Lemma 1.3 Let for all 1 < j < L the dividend functions D 3 be non-negative, non- decreasing 
and such that x £ M+ i— > x — D 3 (x) is non-negative and non- decreasing. Then we have 

V0 < i < /, Vt€ [0,T], yx>y>0, < u^t, y) - u\t, x) <x-y. (1.1) 

Forte [0,T], let 

c*(t) = inf{x > : u\t, x) > (K - x) + }. 

Then d{t) < K for t G [0, T) and we have that {x > : v}{t,x) = {K - x) + } = [0,c*(t)]. Lasi 
i/ie functions c l cannot vanish on an interval. 

Figure Q] plots the exercise boundary t \— > c 1 (t) of the Put option with strike K = 100 and 
maturity T = 4 in the model (10.11) with r = 0.04, a = 0.3, = 3.5 and proportional dividends 
with p\ = 0.05. This exercise boundary was computed by a binomial tree method (see [22j). 

Proof . For the first part, we use a similar proof as in |10| . For a fixed t G [0,T] take 
x > y > which, with the monotonicity of z \- > z — D 3 (z) for all 1 < j < I implies that 
Sv' ' l > Sv' 1 ' 1 for all v G [t, T]. Now fix the value of i with < i < I. For r x G 7^^^] such that 
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Figure 1: Exercise boundary t H> c l (t) [K = 100, T = A,t l d = 3.5, r = 0.04, a = 0.3, proportional 
dividends : p\ = 0.05) obtained by a binomial tree method 



u l {t,x) = E[e r ( Tx f \K — S'r/ ,l ) + ], since r x need not be optimal for the case where the stock 
price at time t equals y, we deduce 

u%x) - u l (t,y) < ne- r{Tx - t] ((K - S^)+ — (K — 5^)+)] < 0. 
For T y G 7[ t)T ] such that «*(t,y) = ^-^-^{K - 

u'fcy) - u%x) < Ele-^-^iK - S y T ^) + ] ~ E[e- r(T ^ } (K - S%*'*) + ] 
because S^'*'* > S*'*'* and the function D- 7 is non-decreasing. 

Since u l (t,x) > (if — x) + for all i € [0, T] and x > 0, the definition of c l (t) implies that 
u l (t, x) = (K — x) + for x G [0, c*(i)) and by the continuity of x — > u l (t, x) — (K — x) + this must 
then be true for x = d{t) as well when c l (t) > 0. When c L {t) = 0, u l (t, c*(i)) = K = (K — c l (t)) + . 
If x > c l (t) then, by definition of c l {t) there exists y G (c l (t),x] such that u l {t, y) > (K — y) + and 
u\t,x) >u l (t,y) + y-x>K-x. For t G [0,T), since > E(e- r ( T -*) (if - S£ ,lW )+) > 0, 

one deduces that u l (t,x) > (K — x) + for x > c l (t) and that c l (t) < K. Last, c*(T) = +oo. 
Assume that there exists an interval [£i , £2) with < t\ < t 2 < T such that c l is zero in 
every point of this interval, and for x > 0, let t x G 7[t lt T] be such that we have that u l (ti,x) = 
¥,[ e -^-^)(K-Srf 1,l ) + ]. Thenr x > t 2 so Ke^^-^ > M^^"' 1 )] > u'fax) > (K-x) + . 
Letting x — > + , one deduces that t 2 =t\. I 

Let us now prove some regularity properties of the pricing functions u l . 
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Lemma 1.4 Let i G {1, ...,/}. Under the assumptions of Lemma \1.3\. the function u % is continu- 
ous on the sets [0,^)xR+, [fj,^ 1 )xM +1 [t^ 1 , t d ' 2 ) xR + , . . . ,[t l d , T) xl + and for all j G {1, ...,"£} 
anc? a/Z x outside the at most countable set of discontinuities of D 3 , the limit lim j _u t (t,x) 

d 

exists and is equal to n l (t^,x — D 3 (x)). Moreover, the exercise boundary t i— > c l (t) is upper- 
semicontinuous on [0,T]. 

Last, for all points in the set {(t, x) : t G [0, T) \ {t d , 1 < k < i}, x > c*(i)} the partial derivatives 
dtu l (t,x), d x u l (t,x) and d xx u l (t,x) exist and satisfy Au % (t, -){x) + dtu % (t,x) = 7 and u L is C 1,2 
on this set. 



Proof . Let us check the behaviour of u l as t — > t J d — for 1 < j < i < L; the continuity of u % 
follows from a similar but easier argument. 

Since S,j = S.j_ — D 3 (S.j _), one has, using (jl.ip for the inequality, 

d d d 

\u\t, S t O - u l (t j d , S i s_ - Di(S t] _))\ = \u% S tJ J - u\t j d , S tJ )\ 

d d d d d 

< \S t -S t3 _\ + \u\t,S t )-u l (4,S tJ )\. 



By continuity of the process (u l (t, St))t£\o,T] > which is ensured by Propositions ll.l land 11.21 one 
deduces that a.s., lim. u l (t, S f j _) = u l (t d ,S t j_ — D J (S t j_)). Since S f j_ admits a positive 

d d d d d 

density w.r.t. the Lebesgue measure on (0,+oo), dx a.e. lim. .j_u l (t,x) = — D 3 {x)). 

d 

By continuity of x i— > u r (t d ,x), the function x t— >■ u*(i^,x — D 3 {x)) is continuous outside the 
at most countable set of discontinuities of the non-decreasing function D 3 . With (II. ip . one 
deduces that for all x outside this set, lim^^ _u i {t,x) = u l (t d ,x — D 3 (x)) and that \/x > 

c l (t d ), liminf t _ >t j_ u r (t,x) > u l (t d ,x) > (K — x) + which ensures that lim sup^^j _ c l (t) < c l (t d ). 

Since according to Lemma 11.31 f° r t S [0, T], {x > : u l (t,x) = (K — x) + } = [0, c l (t)], the 
continuity properties of u l imply that c 1 is upper-semicontinuous on the sets [0, t^), [t d ,t d ~ ), 
[*d _1 '4~ 2 )' K' T ] and therefore on [0,T]. 

Let A; = ([0,T)\{^,1 < k < i})xR + . By continuity of on A h the set {(t, x) G A, : x > c*(i)} 
is an open subset of A{. Let (t,x) G and B be an open neighbourhood of (t, x) with regular 
boundary dB such that B is included in the connected component of Ai which contains (t,x). 
Define the stopping times r = inf{v > t : S^' ,l < c l (u)} and t#c = inf{i> > t : S%' ' l G B c } < r. 
The flow property for the Black-Scholes model without dividends implies that for v > t#c, 
gx,t,i _ g^ T BC' B > anc j T _ m f| w > Tsc . Sv TBC ' B ' < c J (f)}. Using the strong Markov 
property for the third equality, one deduces 



u%x) = Eie-^-^iK - S^) + } = E[e- T < TBC -^E[e- T < T - TBC \K - S?^ ,TBC ' l ) + \F TBC }} 



T B C 

E[ e - r ^~^u\T B c,S^)}. (1.2) 



Let f(s, x) be a solution to the Dirichlet problem where d s f + Af = on B and / = u l on dB. 
By Theorem 3.6.3. in [9] this function / is C 1,2 in B and continuous on B. But then 



u\t,x) = E[e- r ^- t >u\r B c,S^)] = E[ e -^ c ^/(r BC , S?^)] 

= +E e -^-*)(a a / + A/)(fl,S? A< )tfa = f(t,x) 



by optional sampling so u l = f on B and therefore its partial derivatives exist in (t, x) and they 
satisfy d t u\t,x) + «4^(t, -)(x) =0. I 
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The characterization of the restriction of u % to [0, t d ) x R + as the pricing function of an American 
option in the Black-Scholes model without dividends, as stated in the next proposition, is the 
key to the study of the exercise boundaries c l {t) performed in the following sections. 

Proposition 1.5 Under the assumptions of Lemma \l.,% we have for all < i < I, 

V(t,s) G [0,4) x R +) u%x) = sup E[e~ rT ( (K - S x T ) + l {r<t > _ t} + g\S* )l {T=t ._ t} )]■ 

Tfc/ [0,i^-t] 

where g°(x) ^= (if— and g' L (x) = f u i_1 (i^, x — D l (x)) fori > 1, and i/ie supremum is attained 
forr = inf{s G [0, t^— t) : < c*(i+s)}Ai^— t fwi/i t/ie convention that inf = +00J. Moreover, 
for allO < j < i and t G T], we /iawe f/iaf c*(i) = o?(t) and x) = v?{t, x) for all positive 

x. 



Proof . For i = the statement is trivial so assume i > 1. The last statement of the proposition 
is obvious because when < j < i, the optimal stopping problems in proposition 11.21 which 
define the values u l (t, x) and vP(t, x) and the values c l (t) and cP{t) are the same for t>t{ +1 and 
x > because we then have that Si' x ' 1 = Sv' x ' 3 for v G [t, T]. Take i G [0, ft) and a; > and 
define t x = inf{v > t : S^'*'* < c*(i>)}. Arguing like in the derivation of (II. 2ft . one easily checks 
that 



E 



-r(r a -t) 



E 



-r(ft— 1)„ it A ax,t,i\i 



E 



E 



where we used the previous result for j = % — 1 to obtain the second equality. We thus deduce 
that 



u\t,x) = E 
= E 



-r(r x -t). 



e— (if-^)+l {T<tH} + e- 

when t = inf{s G [0, 4 - t) : S* < c*(i + a)} A 4 - t- 
Let now r be any stopping time in 1^— t] • F° r / : C([0,t d — t], 
f(W s , < s < ft — t), the random variable 



g l (S^__ t )l {r=t ^__ t} 

— > [0,t d ] such that r 



r def ft + f(W s -W t ,t<8< t d ) if t + f{W s -W t ,t<S<t d ) < i* 

1 inf{s > 4 : S's'*' 4 < c*(s)} otherwise 
belongs to T7t,T] an d is such that 



E 



. t ; A {T=t*-t} 



E 
E 



(if - S^)+l {r ^ } + e -'W-0„*-i(4 S^)l {7 ,> t * } 



This result shows that it is natural to consider the case with only one dividend date first and 
then use the results to generalize to multiple dividend dates. This will allow us to prove the 
following result for the multiple dividend problem: 
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Theorem 1.6 Let for all 1 < j < I the dividend functions D 3 be non-negative, non- decreasing 
and such that x G M+ h- > x — D 3 (x) is non-negative and non- decreasing. Then for all 1 < i < I 
the exercise boundaries c l are strictly positive and locally bounded away from zero on [£j +1 ,£j). If 
D l is positive, then ]xm t _^ t i c l (t) = with c l {t) < rK{t % d — t) inf x> o + o(t l d — t) as t — >■ t l d — 

when D l is also concave. Moreover, if for all 1 < j < i we have D 3 \x) = (1 — pj)x for some 
Pj G (0, 1) then 

• for all t G [0, T] the value function u l (x,t) is convex in x, 

• c 1 is right- continuous on [0, T] andMt G [0, T), d x u l {t,c l {t) + ) = — 1 i.e. the smooth contact 
property holds, and 

• there exist e % > such that on (t l d — e l ,t d ), the function c 1 is continuous and non-increasing 
with j(t) ~ rK(t d - £)/(l - p;) as £ -»• 

The proof for this Theorem can be found in the Appendix. It is based on the stronger results that 
we will prove for the single dividend case in this section and the next two sections. Remember 
that in the single dividend case we use the shorthand notation u(t,x) = u l (t, x), g(x) = g 1 (x), 
D(x) = D 1 (x) and td = t d and that u(t, x) = u°(t, x) and c(£) = c°(£) are used for the case when 
no dividends are present. We will also write S x,t for S x ' t ' 1 now that 1=1. 

We first derive some properties of the function g(x) = u(td, x — D{x)). 

Lemma 1.7 Assume that D is a non-negative concave function such that x — D(x) is non- 
negative. Then D is continuous, non- decreasing and such that x — D(x) is non- decreasing. Let 
D'_(x) and D"(dx) respectively denote the left-hand derivative of D and the non-positive Radon 
measure equal to the second order distribution derivative of D on (0, +oo). The function g is 
continuous, non-increasing and g(x) > (K — x) + for all x > 0. The function 

2 2 

7(z) = f ^y-(l " D '- (x)) 2 d 2 2u(td, x - D(x)) + rx(l - D'_ (x))d 2 u(t d , x - D{x)) - ru(t d , x-D(x)) 

where, by convention, d22u{td-,c{td)) = 0, is not greater than —rK on (0,x*) where x* = f sup{x : 
x — D{x) < c(t(i)} > 0, and globally bounded. 

If g is convex, then there is a constant p G [0, 1] such that g{x) = K — px and D(x) = (1 — p)x 
for x < x* , the second order distribution derivative of g admits a density g" w.r.t. the Lebesgue 
measure and Ag{x) is equal to —rK on (0, a:*) and dx a.e. on (x*,+oo) ; Ag(x) > —rK. 



To prove this lemma, we need the following properties of the pricing function u in the model 
without dividends. 

Lemma 1.8 For the case without dividends we have that the partial derivatives dtu(t, x), d x u(t, x) 
and d xx u(t,x) exist and dtu(t,x) + Au(t,-)(x) = for all t £ [0, T) and x > c(£). Moreover, 
V£ G [0, T], x i y u(t,x) is convex and C 1 on R + . Last, 

V£ G [0,T), Vx > c(£), d t u(t,x) > ~ 2y/MT _ t) ^ I ^HT^I) ) " 
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Before proving these Lemmas, let us give some examples of functions g obtained for different 
choices of the dividend function D. 



Examples of functions g : 

• In the constant dividend c(td) + D and the function g is equal to K on [0, D] 
and to K + D — x for x G (D,x*), C 1 on [0,D) U (D, +00) with g' taking its values in 
[-1,0], C 2 on [0,D) U (D,x*) U (x*,+oo) and such that Ag(dx) = -y(x)dx - ^-5 D {dx) 
where 7 is equal to —rK on (0, D) and to —r(K + D) on (D,x*). 

• In the proportional dividend case, x* = c(td)/p and g(x) = u(td, px) is convex, C 1 with g' 
taking its values in [— p, 0] and C 2 on [0,x*) U (a;*, +00). 

• The proportional dividend case provides an example of a non-negative concave function 
D such that x — D(x) is non-negative which leads to a convex function g. This example 
is not unique. For instance, let p G (0,1). The function y 1— > u(td,y) is convex positive 
nonincreasing and such that lim y ^ +00 u(td, y) = 0. So it is continuous and decreasing 
and admits an inverse V(td,.) ■ (0,K] — > [0, +00). For x G (c(td)/ p, K/ p), we set d{x) = 
x — V(td, K — px). The continous function d'(x) = 1 + pjb\u{^d-, V(td, K — px)) is non- 
increasing on (c(td)/p, K/p) by the non-increasing property of both V(td, ■) and —d2u(td, ■) 
and the positivity of this last function. It tends respectively to 1 — p and —00 as x — > c(td)/p 
and x — > K/p. Let x = sup{x G (c(td)/p,K/p) : d'(x) > 0}. One has d'(xo) = which 
also writes d2u(td,xo — d(xo)) = —p. The function 

1 d(x A xo) for x > c(td)/p 

is non-negative, concave and such that x — D(x) is non- negative. The convexity of x 1— > 
u(td,x) combined with the equality d2u(td,XQ — d(xo)) = —p implies that 




K — px for x G [0, xo] 
u(td, x — d(xo)) for x > xq 



is convex. 

Figure [2] illustrates the construction of the function g from x h-> u(td,x) on the three previous 
examples of dividend functions. 

Proof of Lemma 11.71 Since the concave function D is non-negative, it is continuous and 
non-decreasing. And since x — D{x) is non-negative, D(0) = 0. The convex function x — D{x) 
being non-negative and equal to for x = 0, is non-decreasing. Since x 1— > u(td,x) is continuous, 
non-increasing and not smaller than (K — x) + , the same properties hold for g. 
For x G (0, x*), j(x) = rx(D'_(x) — 1) — r(K — x + D(x)) = —rK — r(D(x) — xD'_(x)). By 
concavity of D, 

Vx > 0, D(x) -xD'_{x) > D(0) = 0. (1.3) 

So 7 is not greater than —rK on (0,x*). The constant x* is infinite if and only if D is the 
identity function and then 7 is constant and equal to —rK. When x* < +00, 7 is bounded from 
below by —r(K + D(x*)) on (0, x*). Moreover, since D is concave, continuous and D(0) = 0, 

. D(x) D(x*) x* — c(td) , \ xcitd) / \ , 

Vx > x*, < = — and x - L>(x) > > c(t d ). (1.4) 

X X* X* X* 
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Const div D — 1 
Prop div p = 0.75 
Convex example 




D 



c(t d ) 



K x 



One has 



Figure 2: Examples of functions g 



7 (x) - Au(t d , .)(z - £>(*)) = °— 8 22 u(t d , x - D(x))[x 2 (l - D'_{x)) 2 - {x - D(x)) 2 } (1.5) 

+ r(D(x) - xD'_(x))d 2 u(t d ,x - D{x)) 

where the last term is non-positive by (|1.3|) and since d 2 u < 0. Define M = sup x>g ^ d ) Au(t d , .)(x) 
which is finite by Lemma 11.81 Since u(t d ,x) — xd x u(t d ,x) is non-increasing by convexity of 
x i — y u(t d ,x) and equal to K on [0,c(t d )), one deduces 



-/no-/ \ 2(M + rK) 
Vx > c{t d ), d xx u{t d ,x) < . 



(1.6) 



With x — D(x), which is larger than c(t d ), substituted in (|1.6|) . and using (|1 .4[) and D'_(x) £ [0, 1], 
one concludes that when x* < +oo, 



Vx > x*, 7(x) < M + (M + riT) 



^ - cfa)' 
c{td? 



For x > x*, since xD'_(x)d 2 u(t d ,x — D(x)) and d 22 u(t d , x — D(x))[x 2 (l — D'_ (x)) 2 — (x — D(x)) 2 } 
are non-negative and Au(t d , .)(x — D(x)) = —dtu(t d ,x — D(x)) > 0, we have by (|1.5|) . 

X* — c(trf) 

7(x) > rD(x)d 2 u(t d , x — D(x)) > r — — — - — (x — D(x))d 2 u(t d , x — D(x)) 

c(t d ) 

= r X *~^ d) (-K+ [ X ~ DiX \d 22 u(t d ,y)dy + u(t d ,x - D(x))) > -rK - ~^ d) , 

C{td) \ Jc(t d ) J C(td) 
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where we used that D(x) < (x — D(x))(x* — c(td)) / c(td) by (II, 4p for the second inequality and 
the smooth fit property d2u(td,c(td)) = —1 and a partial integration for the equality. 

Last, assume that g is convex. If g' + and D' + respectively denote the right-hand derivatives 
of g and D, one has g' + {x) — g'_(x) = —d2u(td,x — D{x))(D' + {x) — D'_(x)) and since c?2tt is 
negative and D' + — D'_ non-positive, the right-hand-side of this equality is non-positive and 
the left-hand-side is non-negative. So both are zero and the functions g and D are C 1 with 
g'(x) = d2u(td,x — D(x))(l — D'(x)). The first factor in the right-hand-side being globally 
continuous and C 1 on (0, x*)U(x*, +00), one deduces that the distribution derivative of g' is equal 
to d22u(td, x — D(x))(l — D' (x)) 2 dx — d2u(td, x — D(x))D" (dx). This measure being non-negative 
by convexity of g, D" is absolutely continuous with respect to the Lebesgue measure and so is 
the second order distribution derivative of g. For x < x*, g'(x) = D'(x) — 1 where the left-hand- 
side is non-decreasing and the right-hand-side non-increasing. So there is a constant p £ [0, 1] 
such that g(x) = K — px and D(x) = (1 — p)x for x < x*. As a consequence x* = c(td)/p and 
Ag(x) = rxg' (x)—rg(x) = —rK on (0, x*). The convexity of g implies that rxg'(x) — rg(x) is non- 

2 2 

decreasing and therefore that dx a.e. on (x*,+oo), Ag(x) = s -^—g"(x) + rxg'(x) — rg(x) > —rK. 



Proof of Lemma 11.81 The proof of the first statement is similar to the one of the last 

statement in Lemma [1 .41 Moreover, x 1— > u(t,x) = sup Tg -jj o T ^ E ^e~ TT (K — xe crW/T+ ^ r_ ~- )T ) + ^ 

is convex as the supremum of convex functions. We refer for instance to Lemma 7.8 in Section 
2.6 |13j for the continuous differentiability property of this function. 

Let 0<s<t<T,x>0, and take r £ 7jo,T-s] such that u(s,x) = K(e~ r " r (K — S^) + ) and 
f = r A (T-t). One has 

u(t,x) > E {e- rf (K - Sf)+) = u(s,x) - E (l {T>T _ t} (e""" (K - S*)+ - e'^^ - S£_ t ) + )) 
By Tanaka's formula, when r > T — t, 

{K - S*)+ = (K — S?t_ t ) + - £ t l {S ^ K] (aS x v dW v + rS*dv) + \{L? (5") - £&. t (5")). 

One deduces that 

e -r(T-t) _ _ -r(T-t) 2 R 2 ft 

u(t, x) > u(s, x) -_E(L*_ a (S*) - L«_ t (S*)) = u(s, x) / p(T — v, K)dv. 



2 Limit behaviour and monotonicity of the exercise boundary as 

Using the results in the previous section, we first check that c(t) tends to as t — > if D is 
positive (i.e. Vx > 0, D(x) > 0). 

Lemma 2.1 Let D be a non-negative and non- decreasing function s.t. x 1— > x — D(x) is non- 
negative and non- decreasing. 

Assume moreover that there exists a d$ > such that D is zero on [0, do] and positive on ]do, 00 [, 
then we have limsup^j- c(t) < doAc(td). When do = i.e. D is positive, then limt_^ d _ c(t) = 
and 
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• if D is such that admits a finite limit as x — > + then c(t) < rK{t d — t) lim x _ s>0 + + 
o(t d -t) as t^ t^, 

• if D is concave, g is convex and the constant p such that, according to Lemma II. 71 Vx G 
(0,x*), D(x) = (1 - p)x belongs to (0,1) then Vt G [0,t d ), c(t) < 1 ~ e \^~* ) K. When 
p = i.e. D is the identity function, then Vt G [0,t d ), c(t) < (1 — e~ r ^ d ~^)K . 



Note that when D is postive and concave, then admits a finite limit as x — > + which is 
equal to inf rr>0 ^y. 

Proof . Suppose that limsup, ,- c(t) > do A c(t d ), then there exists a y > and a sequence 

d 

(^n.)neN such that £ n f t d with c(i n ) > y > do A c(trf) and since c(£ n ) < K we have y < K 
and we may choose y such that it is not one of the countably many discontinuity points of 
D. Then K — y = u(t n ,y) for all t n and taking the limit and applying Lemma 11.41 gives that 
K - y = u(t d ,y - D(y)) but either y > d Q and then u(t d ,y - D(y)) > (K - y + D{y)) + = 
K — y + D(y) > K — y or y > c(trf) and then ^(t^, y — D(y)) > u(t d , y) > K — y so in both cases 

def 

we get a contradiction. Assume that D is such that p = lim x _ s>0 + "o^y ex ists and is finite. Since 
both D(x) and x — D(x) are non-negative, necessarily p, > 1. For G [0,td) x 

u(i, x) > E(e-^-*) 5 (,S? d _ t )) > E |# - Sf d _ t + ^Si^-sr ' ^ 

> e-rfe-t)^ _ x + inf f x _ E f e -K*«i-t) i 



a; ' td~ t 



0<y<4rK^(t d -t) y 



t d -t ± {Sf j _ t >4rKn(t d -t)} 



Vo<y<4rif At (t d -t)y y ) \ a^t d - 1 

2 

For x < 2rKp(t d - t) and (t d - t) < losi ^t d -t) < _ ^2) which implieg 

( M 3 ^fe y ) + (r + #)fa- f ) \ 2ctv ^i -sfe D(,) _ 

iV " V2^1og(2) e • Wlth ilm *^ mt <S/ <4r^(t d -i) — - 



one deduces that, as i — > t d , for x < 2rK p(t d —t), u(t, x) > -KT— x+ ^ — rK(t d — t) j +o{t d —t) 
where the o(t d — t) does not depend on x. One easily deduces the desired upper-bound for c(t). 



When g is also convex, according to Lemma [1.7| either D is the identity function and g is constant 
and equal to K or there is a constant p G (0, 1) such that D{x) = (1 — p)x for x G (0, c(t d )/p\. In 
the latter case, one has g(x) = K — px for x G (0,c(t d )/p\ and (7(3;) > (K — px) + for a; > c(t d )/p. 
As a consequence, E^-^-^Sf^)) > E(e~ r (*<i-*) (if - pS? d -t)) = e'^^K - px. One 
deduces that when x > 1 ~ e 1 _^p — -K, u(t, x) > K — x which implies that c(t) < 1 ~ e 1 ^p — -K. 
When D is the identity function, the inequality is obvious. I 

We now obtain monotonicity of the exercise boundary in a left-hand neighbourhood of the 
dividend date t d . 



Proposition 2.2 If D is a positive concave function such that x — D(x) is non-negative, there 
exists a constant e > such that for x G (0,e) 7 i ^ u(t,x) is non-decreasing on (t d — e,t d ). 
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a 2 x 2 



Moreover, we have for all t E [0, t^) and all x > c(t) that 

d t u(t,x) > -e- r(td -* ) sup 7 + (y) (2.1) 

y>0 

d xx u(t,x) < e~ r( ' d "' ) sup7 + (y) +r{x + K). (2.2) 
* y>0 

Last, for any t E [0, tj) such that c(t) > 0, Vx > e(i), \d xx u(t, y)\dy < +oo and x h-> d x u(t, x) 
admits a right-hand limit d x u(t,c(t) + ) E [—1,0] as x —> c(t) + . 

One easily deduces the following Corollary. 

Corollary 2.3 If the dividend function D is non-negative, non- decreasing and such that x E 
R + i — y x — D(x) is non-negative and non- decreasing, then the exercise boundary does not vanish 
on [0,T]. Moreover, for all t E [0,td), inf se ro^i c(s) > 0. 

If D is a positive concave function such that x — D(x) is non-negative, then t \— > c(t) is non- 
increasing and left- continuous on (td — e, td). Moreover, c(t) ~ rK(td — t) inf x> o as ^ ~ * ^d' 

Remark 2.4 In contrast to the result of Corollary 1 2. 3\ we notice that in the alternative model 
formulation known as the Escrowed model 



S t = (S - Be~ rtd )e aWt ^ r ^ 1 + De^^h 



{t<t d } 



where D is a positive constant, the boundary is actually equal to on a left-hand neighbourhood 
of td- Indeed, reasoning like in the proof of Proposition \1.5l one can check that for (t,x) E 
(0, td) x IR +7 the value function in this model is 

u(t,x) = sup E \e-^((K - De~ r ^ - S»)+l {T<t(l _ t} + u(t d ,S y td _ t )l {T=td _ t} ) 

T<E.T [0t t d -t] 

where y = x — De~ r ^ td ~ t \ Since 

E( e - r te-')u(t dj S*_ t )) >E(e-^-*)(^-5f £i _ t ) + ) > (Ke- r ^-y) + , 
early exercise is never optimal when K — De~ r( - td ~^ < Ke~ r<ytd ~ t ^ i.e. td — t < ^ log ( K r D ) • 



Proof of Corollary 12.31 For t E [t d ,T}, c(t) is larger than the exercise boundary 2 i+ 2r of 
the perpetual Put in the Black-Scholes model without dividends. For (t,x) E [0, td) X M + , by 
Proposition [T3J the pricing function u(t, x) is smaller than the one corresponding to the identity 
dividend function. Therefore for t E [0, c(td)), c(t) is larger than the associated boundary. For 
the identity dividend function the function 7 is constant and equal to —rK so that the exercise 
boundary is non-increasing on [0,td) by (|2.ip and therefore does not vanish by Lemma 11.31 

Let us now assume that D is a positive concave function such that x — D(x) is non-negative. The 
monotonicity of c is a consequence of Proposition 12.21 and the left continuity then follows from 
the upper-semicontinuity. Let us now assume that c(t) is not equivalent to rK(j,(td — t) where 
fi = inf a;> o -g^y as t — > t~^ and obtain a contradiction. Because of the upper-bound stated in 
Lemma \2. 11 this implies the existence of a constant \x E (0, \i) and a sequence (tn)n€.N hi (td — ^? td) 
such that lim n _ > . 00 t n = td and Vn E N, c(t n ) < rKfi(td — t n ). For n E N, let x n = ^^rK(td — t n ) 
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and T n = inf{s G [0, td — t n ) : S Xn < c(t n + s)} A (t d — t n ) denote the optimal stopping time 
starting from x n at time t n . One has 

u(t n ,x n ) < KF (3s G [0,t d - t n ) : 5f« < c(t n )) + E (e^"^ g(S%_ tn )) 

< KF (a inf ^ < log(^) + (r - (t d - t n )\ + E(e -r ^ d "* n) 3(5f"_ t )) 
V s<E[o,t d -t n ] m + /i 2 / d 

= ifP (W-d > ^ ( lo s(^) - (r - yH^ " tn))) +E( e -^- i ») 5 (5^_ t J) 
= E(e- r ^-^g(S%_J) + o(i d - i n ) (2.3) 

where we used the monotonicity of c on (t d — £, td) for the first inequality and a reasoning similar 
to the one made when D is concave in the proof of Lemma 12,11 for the last equality 

Assume that D is not the identity function which implies x* < +oo. Using the monotonicity of 
both g and Q ne gets that for (t,x) G [0,t d ) x R* + , E(e~ r( ^ d ~ f > g(Sf d _ t )) is not greater than 

E (e-*fr-*)(jr - S'f d _ t + D(Sl_ t ))l {Sfd _ t ^ } ) + e- r ^g(x*nS? d _ t > **) 
< e-rftr-*)* — x + E ( e - r fe-*)^_ t l { ^_ t>xn ) + ^ + e- r ^-*) 5 (x*)P(Sf d _ t > **). 

Hence for x G (0,x*/2), E(e -r &*-*)0(S*_ t )) < if - x + s - rK(t d - t) + o(t d - t) with the 
o(td — t) not depending on x < x*/2. This inequality still holds when D is the identity function, 
since then /i = 1 and E(e~ r (*<*-*) g(Sf d _ t )) = e'^^R. 

With (TP) , one deduces that u(t n ,x n ) < K — x n + rK^^itd — t n ) + o(td — t n ). Hence for n 
large enough u(t n ,x n ) < K — x n which provides the desired contradiction. I 

Proof of Proposition 12.21 Let < t < s < t d , x > and r G 7[o,t d -t] ^ e suc h that 
x) = E (e— (if - ^)+l {T<td _ t} + e - r fe-*) 5 (Sf d „ t )l {T=td „ i} ) . Since by LemmaO Vx > 0, 
g(x) > (K-x)+, 

u(t, x) < E (e^ (if - S x ) + l {r<td _ s} + e- rT g(SZ)l {T > td _ s} ) 

= E (e— (if - S x ) + l {r<td _ s} + e~ r ^g(S? d _ s )l {T > td _ s} ) 

+ E (l {T>td - s} (e— g(5^) - e- r ^- s ) 5 (5 t V ,))) . (2.4) 
By Tanaka's formula, 

i r+oo 

d{S x v - D(S X )) = (1 - DLffi))dS% --J D"(da)dL a v (S x ). 

In particular d(S x — D(S x )} v = (aS x (l — D'_(S X ))) 2 dv . The function x \- > u(t d ,x) is convex 
and C 1 on [0, +oo) and C 2 on [0, c(td)) and (c(td), +oo). Hence its second order distribution 
derivative is equal to d22u(td,x)dx where, by convention, d22u(td,c(td)) = 0. Applying again 
Tanaka's formula and the occupation times formula, one deduces that 

2 

dg(S x ) = d 2 u{t d ,S x v - D(S x ))d(S x - D{S X )) + yd 22 ^ d ,^ - £>(^))((1 - D'_(S x ))S x ) 2 dv. 
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One deduces that for 7 defined in Lemma ll.7l 



d(e- rv g(S*)) = e~ rv d 2 u(t d ,S x v - D(S*)) 



1 r+00 

(1 - D'_{S x v ))aS*dW v --J D"{da)dL a v (S x ) 



+ <S x v )dv). (2.5) 



The process (J"g e rw aS*d2u(td, — D(S*))(1 — D'_(S*))dW w ) v is a martingale since d 2 u G 
[-1,0] by (fLTj) and (1 - L>L) G [0, 1] according to LemmaO With f[2~4|) . one deduces that 

u( S , x) - x) > — E (l {T> i d _ s} f e-™ 7 (^')^) = -E ( ' l^ye^jiS^dv) . 

(2.6) 

One easily deduces (12. ip and, since by Lemma 11.71 C = sup rr>0 7(x) < +00 and 7(2:) is not 
greater than —rK for x < x*, 

u(s, x) > u(t, x) + f d e~ rv (rK¥(T > v, S* < x*) - CP(r > v, S* > x*)) dv. (2.7) 

Jt d -s 

Define c(s) = sup ve r td _ s td ^ c(u) and let a G (0, ^] be such that c(a) < x*. The existence of a is 
ensured by Lemma 12.11 which applies since, according to the proof of Lemma 11.71 the function 
D is continuous and both D and x — D{x) are non-decreasing. We now choose t G [t<f — a, t^) 
and x G (c(t),y) where y G (c(a),x*). One has r = inf{v G [0,i<2 — t) : < c(i + i?)} with 
convention inf = — t. Let = inf{w > : S% = y}. For v G [0,td — t), by the Markov 
property, one has 

P(t > u, > x*) = P(r > u, < v, S% > x*) < P(t v <v,t> T y )F ( max > x*/y] . 

\ioe[o,u] / 

In the same time, 

P(r > u) > ¥(r y <v,t>v)> ¥(t v <v,t> r y )P ( min > c(a)/y) . 

\we[o,v] J 

Combining both inequalities, one obtains 



r > v, Sf, > x*) < P(r > v) 



\ max 



M Sl>x*/y) 



(min we[0 a] 51 > c(a)/y) 



The ratio lg 

- f )/? - ggf) + e^^-f )JV(-(| - f )/3 - ^) 
1 - - (r - §)/3) - e^(^f )jV(to + (r _ | )j8 ) 

and for /3 > and z > 1 > 7/ > this converges to as j3 and 77 go to + while z goes to +00. 
Since by Lemma [2 .1| c(a) converges to as a goes to + , one may choose positive constants y, a 
such that y G (c(a),x*) and 

P (max we[0)a] £l > x*/y) 



(min wg[0ia] > c(a)/y) rK + C 
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With P(r > v, S% < x*) = P(r > v) - P(r > «, > a;*) and ((221), we conclude that 
Vtrf — a < t < s < t d , Vx G (0,y), u(t,x) < u(s,x). 

2 2 

Since for i G (0,id) and x > c(t), ^-^—d xx u{t,x) = —dtu{t,x) — rxd x u(t,x) + ru(t,x) with 
c^u £ [-1,0] according to (fTTT]) and u < K, ([2T2]) easily follows from (f2~TT) . Let i G [Q,t d ) be 
such that c(t) > 0. For z > x > c(t), one has d x u(t,x) = d x u(t,z) — J d xx u(t,y)dy. By (jl.lj) . 
d x u{t,x) G [—1,0]. With (|2,2p . one deduces that y i— )■ d xx u(t,y) is integrable on [c(t),z] and the 
right-hand limit d x u(t,c(t) + ) makes sense. I 



Remark 2.5 When T = +oo i.e. when the Put option is perpetual, 

,. , fK-xifx<c(t d ) = =g* 2r 

u (td.x = < , where a = ft- 

V 1 (if - c(t d ))(x/c(t d ))° otherwise a 2 



In the proportional dividend case, j(x) = —rKlt x< c(t d y p \ since Af(x) = for f(x) = x a . With 
(|2.6p . one deduces that for any x > 0, 1 1— > u(t,x) is non- decreasing on [0, t^). 



In the constant dividend case, 



7(a?) 



' -rK ifxe (0,D) 

-r(K + D) ifxe(D,c(t d ) + D) 
{ -a(K - c(t d ))c(t d y a D(rx + ^{2x - D)){x - D) a - 2 if x > c(t d ) + D 



is positive on (c(t d ) + D, +oo). 



3 Continuity of the exercise boundary and high contact principle 



We can now state our main result concerning the continuity of the exercise boundary c(t) for the 
single dividend case. Note that it applies to the proportional, the constant and the more general 
mixed dividend cases. 



Proposition 3.1 Assume that D is a positive concave function such that x — D(x) is non- 
negative. Then for t G [0, td) such that c is right- continuous at t, the smooth contact property 
holds d x u(t,c(t) + ) = —1 and lim s _ 5 . i + d x u(s, c(s) + ) = —1. 

If g is convex, then 1 1— > c{t) is right- continuous on [0,t d ). More generally, if D is such that 

3x > 0, 3p G [0, 1), Vx G (0, x ), D(x) = (1 - p)x, (3.1) 
then there exists an e G (0, td] such that 1 1-> c(t) is continuous on (t d — e,t d ). 



Remark 3.2 On any open interval on which c is non- decreasing, it is right- continuous by upper- 
semicontinuity and therefore the smooth contact property holds. 



In order to prove the Proposition, we will need the following estimations of the first order time 
derivative and the second order spatial derivative of the pricing function u in the continuation 
region. 
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Lemma 3.3 Assume that D is a non-negative concave function such that x — D(x) is non- 
negative. Then 

Vt e [0, t d ), Vx > c(t), d t u(t, x) < - e -^"*) inf 7 (y) + - ^ (3.2) 

y>o 2^2n(t d - 1) 

and ^d xx u{t, x) > e- r ^-*) inf 7 (y) ™ + r(K - x)+. (3.3) 

2 y>o 2 v / 2ir(t d - 1) 

If g is convex, then fort € [0, t d ), x i— > u(t,x) is convex and for x > c(t), dtu(t,x) < rKe~ r ^ td ~ t " > 
and d xx u(t, x) > 0. 

More generally, under (|3.1|) . t/iere exists e £ (0,td] such that for all t £ (td — £,td) and for all 
x e (c(t),c(t) + e) we have dtu(t,x) < rK 1+e r J d * . 



Proof of Proposition 13. ll For t £ [0,^), c(t) > by Corollary 12.31 and by Proposition 12.21 
the following Taylor expansion makes sense 

rx 

Vx > c(t), u(t, x) = (K- c(t)) + (z - c(t))d x u(t, c(t) + ) + (x- y)d xx u(t, y)dy. (3.4) 

Jc(t) 

Substituting z for x in (13 . 4|) and subtracting the result from (13 ,4[) itself gives for x > z > c(t) 



X 



d x u{t,c(t) + ) = u ( t,x ^ — u (t^ z ) _ I d xx u(t,y)dy — / (x - y)d xx u(t,y)dy. (3.5) 

x-z J c{t) x-z 



If s G [0, td) is such that c(s) > c(t), choosing z = c(s) and computing d x u(s,c(s) + ) from (|3.5 
written with s replacing t, one deduces that for x > c(s), 

d x u(s, c(s) + ) — d x u(t, c(t) + ) = — ( u(s, x) — u(t, x) + u(t, c(s)) — u(s, c(s)) 



x — c(s) 
1 f x 

H ft-/ (x-y)(d xx u(t,y) -d xx u(s,y))dy 

x ~ c{s) J c{s) 

+ / d xx u(t,y)dy. (3.6) 

y C (*) 

We decompose the proof in three steps using the above expansions. First we check that when 
to £ [0,td) is such that c is right-continuous at to, then lim. .+ d x u(t,c(t) + ) = d x u(to,c(to) + ). 
In the second step, we check that when c is right-continuous at to, then the smooth contact 
property holds at to- I n the last step, we prove that c is right-continuous at to f° r ^0 close to t^ 
under (13.11) and with no restriction in the convex case. 



Step 1 : Let to £ [0, t^) be such that c is right-continuous at to and x > c(to). For t > to such 
that c(t) < x, by ([3.6p . \d x u(to, c(to) + ) — d x u(t,c(t) + )\ is smaller than 

'u(t , x) - u(t, x) + u(t, c(t) V c(t )) - ii(to, c(t) V c(t ))| 



a; - c(t) V c(t ) 

1 f x 

H FTTTTTTT / ( x ~ 2/) ^«(*, 2/) - d xx u{t , y)\dy 

x - c(t) V c(t ) Jc(t)Vc(t ) 

rc(t)Vc(t ) 

+ / l^u^,?/)! + |tWit(to,2/)|dy 

Jc(t)Ac(t ) 
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By continuity of u, the first term converges to as t — > tj" . Moreover, (12. 2p and (I3.3P ensure 
that the second term is arbitrarily small uniformly for t < (to + td) /2 when x is close enough to 
c(to). Last, with the right-continuity of c at to, the third term converges to as t — > t^, which 
ensures the desired right-continuity property. 

Step 2 : Let us now assume that for to E [0, td) such that c is right-continuous at to, d x u(to, c(to) + ) > 
— 1 and obtain a contradiction. Let t E (to, to \ d ) be such that c(t) < c(to). According to (|3,2p 
and (|3.3p . there exists a constant C E (0, +oo) such that u(t, c(to)) < K — c (to) + C(t — to) an d 
J$)°( c (*o) " y)d xx u(t,y)dy > -C {c{to) ~^ t)? . Writing for a? = c(t ), one deduces that 

1 + ^n(t, c(t)+) - g ^"^^ (c(to) - c(t)) < C(t - t ). 

Since d x u(t, c(t) + ) tends to d x u(to, c(io) + ) > — 1 as i — >■ tg and c is right-continuous at to, one 
deduces the existence of e E (0, t^ — to) such that 

For x > c(to), let r x = inf{s > : S% < c(t + s)} A (t^ — to) denote the stopping time such that 
u(t ,x) = E (e~^{K - S*J + l {Tx<td ^ } + e- r ^g(S* x )l {Tx=td „ to} ^ 

One has u(t ,c(t )) > E (e^(K - S c T i to) )+l {Tx<td _ to} + e^ 1 ^ g(S c T i to) )l {Tx=td „ to} ) . Com- 

puting the difference, using the monotonicity of g and the Lipschitz continuity of y i— > (if — y) + 
one deduces that 

u(tp,x) - u(t ,c(t )) 
x - c(t ) 



<-E(e-^l K<td _ to} ). (3.8) 



By (J33]), r x < f x = mf{s E (0,e] : < c(t ) - 2Cty(l + ^u(t , c(t )+))} A (t d - t ). When x 
tends to c(to) + , converges a.s. to inf{s E (0, e] : 5* < 1 — 2Cs/(c(to)(l + d x u(to, c(to) + )))} A 
{td ~ to) which is equal to according to the iterated logarithm law satisfied by the Brownian 
motion W. Hence r x converge a.s. to as x — > c(to) + . Since E(sup sg [ 0) t (J _f ] Sj) < +oo, by 
Lebesgue's theorem, the right-hand-side of (13. 8p converges to —1 as x — > c(to) + which implies 
the desired contradiction : d x u(to, c(to) + ) < — 1. 

Step 3 : Let to E [0, td) be such that c is not right-continuous at to- We are going to derive a 
contradiction when g is convex or to close to td under (|3.ip . The continuity of c on a left-hand 
neighbourhood of td then follows from the left-continuity stated in Corollary 12.31 By the upper- 
semicontinuity of c and the positivity of i n f 4g j t +« d , c(t) stated in Corollary 12.31 there exists a 

sequence (sfc)fceN in (to,td) converging to to as k — > oo and such that lim^oo c(sk) E (0, c(to)). 
Let x, z E (liuik-^oo c ( s k), c (^o)) with x > z. For k large enough c(s k ) < z and we may use (|3,5p 
for t = s k . The left-hand-side is not smaller than —1. When fc tends to oo, by continuity of u, 
the first term in the right-hand-side tends to K ~ x ~^~ z ^ = — 1. Moreover by (|3.3p . there is a 
constant C E (0, +oo) not depending on k such that 

1 f x C 

d X xu(s k ,y)dy -\ / (x - y)d xx u(s k , y)dy > — T — r- (2(z - c(s k )) + (x - z)) . 

c(s k ) X-Zj z C 2 (s k ) 

Hence limsupfc^ d x u(s k , c(s k ) + ) < -1 + limfc _^ c a (sfc) (x + z - 21im fc _ >00 c(s fe )) and one deduces 

lim a r u(s fc ,c(,s fc ) + ) = -1 (3.9) 

fc— >oo 
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by letting x and z go to lmifc_ Sl00 c(sfc). By (I3.4p and Proposition 12.2 



Vx > c(t), / yd xx u(t, y)dy = xd x u(t, x) - c(t)d x u(t, c(t) + ) - u(t, x) + u(t, c(t)) 

Jc(t) 

= xd x u(t, x) - u(t, x)+K - c(t) (1 + d x u(t, c(i)+)) . 

With the equality dtu(t, x) + Au(t, x) = and Lemma I3.3[ one deduces that for t and to close 
to td under (I3.ip and with no restriction in the convex case, 

a 2 x 2 f x 

Vx G (c(i), c(t )), —^—d xx u(t, x) + r yd xx u(t, y)dy = rK - d t u(t, x) - rc(t)(l + c(t) + ) 

ri^(l-e- r ^- t )) 



> 



rc(i) (1 + d x ii(t,c(t)+)) . (3.10) 



According to (|2.2p . there is a finite constant C such that Vt € [0, i^), Vx G (c(t), c(to)] 5 

r , _ , y(i_ e -'-( t d-«)) 

d xx u(t,y) <^sor J c{t) yd xx u(t,y)dy < rK(l-e r(td r ->)/8 if we take x < c(t )Ac(t)e sc 

With ([3.9p and (|3.10p . one deduces that for to close to under (|3.1|) and with no restriction in 

the convex case, for k large enough, 



G ( c(s k ),c(to) A c^e ^c^'^ , ^«( Sfe , y ) > tEi^^l ^ 



K{l-e- r< - t d- t 0)) S 

and therefore for x,z£ lim^oo c(s/), c(io) A lim^oo c(s;)e ieo with x > z, 



c(Sfc) 



1 /"^ 7\KYl — e -r (* d ~ Sfc )) 
d xx u(s k ,y)dy + / (x - y)d xx u(s k ,y)dy > 4~2^2 (z + - 2c(s k )). 



x — z 



Taking the limit k — > oo in (|3.5p written for i = s&, we now obtain limsup^^oo d x u(s k , c(s k ) + ) < 
— 1, which contradicts (13.91). I 



Proof of Lemma 13.31 Let i G [0, i^). When g is convex, since x t— >• (If — x) + is also convex, 
for each stopping time r G 7[ ,i d -t], s ■-> E( e - rr (if - ^) + l {r< t d _i } + e~ r (*<i-*)5(£f d _ t )l {T= t d _ t} ) 
is convex. Soi4 u(t, x) which is equal to the supremum over r of the previous functions is 
convex. 

Let now < t < s < t^, x > and r G T]a,t d —s\ be such that 

u(s,x) = E (e-^{K - S*) + l {T<td _ s} + e- r ^g{Sl_ s )l [T=td _ s} ) . 
Since u(t,x) > E (e— (K - S*)+l {r<td _ s} + g{Sf d _ t )l {T=td _ s} ) , one has 

u(t,x) - u(s,x) > E (l {T=td - s} (e- r ^g(Sf d _ t ) - e~ r ^ g(Sf d _ s ))) . 

When g is convex, according to Lemma II. 7| Ag is a function bounded from below by —rK, 
the right-hand-side is equal to E (^l^ T=td _ s y j^^e~ rv Ag{S x )dv^, so one easily concludes. In 

general, by (|2.5p and the martingale property of the process (J e~ rw aS^d2u(td, S®—D(S®))(1 — 
D'_(S^))dW w ) v , the previous inequality writes 

u(t, x) — u(s, x) 

( rtd-t 
> E l {T=td _ s} / e" 

V Jtd—B 

(3.11) 



7 (S?)cfo 



d2V,{t dt S*-D{S*)) 



D"{da)dL a v {S x ) 
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Since d2u(td,y) > — 1, using the occupation times formula, one deduces that 

f 1 ^ 1 _ ( f +oc a 2 a 2 „ \ 

u(s,x) — u(t,x) < / e rv I — inf j(y) — / p(v,a)D"(da) ) dv. 

Jt d -s V y >0 Jo 2 J 

Since D(x) and x — D(x) are both non-decreasing, D"((0, +00)) > —1. Using moreover 

xe TV (log(q/ 3: )-(r+^.)t,) 2 rrpTV 

\/v G [0, t d -t], Va > 0, a 2 p(>, a) = — ^=e ^ < 



ay/2~nv ay/2 



7TV 



2 2 

one deduces (|3.2p . The inequality (|3 . 3|) follows since for x > c(t) we have 2 -Y-d xx ii(t,x) = 
—d t u(t, x) — rxd x u(t, x) + ru(t, a?) > —d t u(t, x) + r(-K" — x) + . 

Assume (I3.ip . Then 7 is equal to — rK on (0, £0 A x*), D"((0,xq)) = and (|3,lip implies that 

rt d -t / _ f+OO 22 \ 

u(s,x)-u(t,x) < / e~ rv \rK-i inf 7 (y) + rif )P(5^ > x Ax*)- / p{v,a)D"(da) ] dv. 

Jt d -s V ^ >0 A 2 / 

2 , 

2 (log(jE /a:)-(7-+^-)u)' i 

Forx G (0,x e _(r+ ^" )( * d "* ) ], one has W G [0,t d -t], Va > x , a 2 p(v,a) < ^ , 

2 

For i close enough to t d we have that c(t) < xoe +_5 ~^* d by Lemma 12.11 and for x G 

(c(t),£ e-( r+i #)(' d -*)), 

Mt, x) <e-t*--*) U - (mf 7 (y) + riT)iV f M*/(*o A **)) + (^- - *A \ 

ax _ (i°s(*0/x)-(r+2£-)(t d ~t)) 2 



_| g 2<7-(i d -i) 

2 v /27r(t d - t) 

Bounding from above the two last terms like in the derivation of the upper-bound for c(t) in the 
proof of Lemma 12.11 one deduces the last assertion. I 



4 Conclusions and Further Research 

We have proven local results concerning the regularity of the exercise boundary for a dividend- 
paying asset. Even in the simplest case of proportional dividends, it would be of great interest 
to prove the following feature observed in numerical calculations: for a single dividend payment, 
when t d is large, the exercise boundary is non-decreasing for small times and monotonicity seems 
to change only once before t d - We also would like to extend the results that we have obtained 
for multiple dividend payments in the proportional case to more general functions D % . The key 
issue in this perspective is to derive global estimates on the derivatives of the value function u 1 
before t\ to replace those which follow from the convexity in the variable x in the proportional 
case. 

Another interesting matter to investigate would be the optimal exercise boundary for the alter- 
native model for dividends known as the Escrowed Model. As we have shown in Remark 12. 4| 
this boundary is zero on an interval with strictly positive length before every dividend date, but 
other properties of this boundary have yet to be established. 
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A Proof of Theorem 11.61 



The two first statements can easily be deduced by respectively adapting the comparison argu- 
ment given at the beginning of the proof of Corollary 12.31 and the proof of Lemma 12.11 

Let us now consider the case of multiple proportional dividends. We will prove by induction on 
i that the statement holds together with the following lemma. 

Lemma A.l If for all 1 < j < i we have D 3 {x) = (1 — pj)x for some pj £ (0,1) then g l is 

1 o def c i ~ 1 {t i ) 

convex and C on M + and C on [0, x*) U (x*,+oo) for x* = — ]T J ^ ± Moreover, the function 

7i(x) = f Ag % (x) is equal to —rK on [0, x\), not smaller than —rK and bounded on (x*, +oo) and 
satisfies 

Vt G [0,4), Vx > j(t), - e" r ^-*) sup 7 +(y) < dtu%x) < e^'^rK (A.l) 

2 2 

and < ^-5 <RB « i (t,x) < e~ r ^ sup 7 +(y) + rK. (A.2) 

2 y>0 

For i = 1, the result is a consequence of Propositions 12.21 and 13.11 Corollary 12.31 and Lemma 
13.31 the refinement over (|2 . 2[) in the last inequality in (|A.2p following from the monotonicity of 
x i — y xd x u l {t,x) — u l {t,x) which is a consequence of the convexity of x i— > x). 

Assume the induction hypothesis to be true for a certain % > 1. Then x i— > g l+1 (x) = (£ j + , pj+i:c) 
is convex and arguing like in the beginning of the proof of Lemma 13.31 one obtains that for t £ 
M+ 1 ), x h+ u**^.*) = sup T£V , +1 _ t] E[e— ( (If-^+l^Mj+^C^Jl^!^ )] 

is convex and nonincreasing. The function is C 1 on M + by the smooth contact property 
for u % at time fj' 1 and C 2 on [0, x* +1 ) U (x*, 1; +oo) by the regularity properties of u % stated in 
Lemma ll.4l Moreover the function 7^ + i(x) = Au i {t % ^' , .){pi + ix) is equal to —rK on [0,x* +1 ), 
not smaller than —rK and bounded on (x* +1 , +oo) respectively by convexity of x i— > «*(i^ +1 ,x) 
and by the lower bound in (lA.lj) combined with the equality dtu % (t 1 ^ 1 , x) + Au z (f^ 1 , x) = 
which is satisfied for x > c*(t^ +1 ). One may now adapt the proofs of Proposition 12.21 Lemma [3.31 
and Corollary 12.31 to check that the exercise boundary c t+1 (t) is non-increasing and equivalent to 

rK \- d p ~ ~ m a left-hand neighbourhood of and that (jA.ip and ()A.2p hold with i + 1 replac- 
ing i. Next, with these bounds on the derivatives of u l+1 , one adapts the proof of Proposition 
13.11 to obtain right-continuity of the exercise boundary c l+1 on [0,i^ +1 ) and smooth contact : 
Vt G [0,i^ +1 ), d x u t+1 (t, c l+1 (t) + ) = —1. This proves the statement for i + 1 and concludes the 
proof. 
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